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Abstract

The analytical method using transfer function or impulse response is very effective for analyzing non-
linear systems with localized non-linearities. This is because the number of non-linear equations can be
reduced to that of the equations with respect to points connected with the non-linear element. In the present
paper, analytical method for the steady state vibration of non-linear system including subharmonic
vibration is proposed by utilizing convolution integral and the impulse response. The Galerkin method is
introduced to solve the non-linear equations formulated by the convolution integral, and then the steady
state vibration is obtained. An advantage of the present method is that stability or instability of the steady
state vibration can be discriminated by the transient analysis from convolution integral. The three-degree-
of-freedom mass—spring system is shown as a numerical example and the proposed method is verified by
comparing with the result by Runge—Kutta—Gill method.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Non-linearities often exist at supported and connected points of mechanical structure, which
are usually modelled by non-linear springs. However, their number is usually much smaller than
that of the linear elements. For such systems, the analytical method using transfer function or
impulse response is effective because the number of non-linear equations can be reduced to that of
the equations with respect to points connected and supported with the non-linear elements, hence
the scale of the non-linear analysis becomes small regardless of the number of degree-of-freedom
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of the system. In addition, when the transfer function or the impulse response is obtained for the
existing system, the system damping can be easily modelled.

Vibration analyses have been reported using transfer function or the impulse response for such
systems with localized non-linearities. Hagedorn et al. [1] showed that the transient vibration of
such a system could be calculated by convolution integral with linear impulse response and non-
linear restoring force. Chiang and Noah [2] proposed the nonlinear substructure synthetic method
by use of convolution integral and transition matrix [3] and analyzed the transient vibration of
rotor-housing system with bearing non-linear characteristics. Ren [4,5] derived non-linear
equation from the transfer function synthesis method with the non-linear connecting force and
obtained the steady state vibration and aperiodic vibration by harmonic balance method. Gordis
and Radwick [6] reported non-linear substructure synthetic method using the non-linear Volterra
integral equation. The non-linear equation for the steady state vibration using transfer function
synthetic method can be commonly solved by the harmonic balance method; however, it is not
always effective for predicting vibration response of the system in a practical manner, because of
disability to discriminate stability and instability of the vibration, which is one of the important
vibration property.

In the present paper, the analytical method using convolution integral is proposed for analyzing
steady state vibration of the system with localized non-linearity including subharmonic vibration.
The method also permits the stability—instability discrimination for the steady state vibration. The
numerical results for fundamental and subharmonic vibration of three-degree-of-freedom system
with localized non-linear spring are illustrated and the proposed method is verified in comparison
with the result of Runge-Kutta—Gill (RKG) method.

2. Analytical method
2.1. System with localized non-linearities

The proposed method in the present study is very effective for the system with localized non-
linearity. In the case of mass—spring system, for example, the non-linear system includes some
masses that are supported at respective points by a non-linear spring as shown in Fig. 1, or masses
that are connected to each other by non-linear spring. In this paper, the suggested method is
applied to the former system for its simplicity. In Fig. 1, m, represents a mass subjected to external
force f(7), m, a mass supported with non-linear spring and m, a mass of which vibration is being
analyzed. Displacements of m, and m, are represented as x and y, respectively. g(x) denotes

Af)=FsinKot
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Fig. 1. Multi-degree-of-freedom system with localized non-linearity.
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restoring force property of the non-linear spring. f(¢) is defined as F sin Kwt so that the steady
state vibration including subharmonic vibration of order 1/K can be considered.

2.2. Transient vibration

An outline of the method for transient vibration analysis using convolution integral is described
in this section, which was reported by Hagedorn and Schramm [1] and provides the basis for the
following steady state vibration analysis. When restoring force of the non-linear spring on m, is
regarded as external force, displacement x of m, and displacement y of m, can be determined by
convolution integral as the following Egs. (1) and (2), respectively,

x(t) = /Ot h?(t — 7)f (r)dt — /Ot h1(t — t)g{x(7)} dr, (D)

W) = /0 HP(t — 1)f (2) de — /0 Wt — D)gix(D)} dr, @)

where h°’(f) (a = q or r, b = p or g) is impulse response of the system without the non-linear spring
¢g(x) and superscripts a and b represent the location of response and excitation, respectively. The
initial displacement and initial velocity of the system are set to zero. Eq. (1) related to my,
represents a non-linear equation with respect to x, on the other hand, Eq. (2) is calculated linearly
for masses which are not supported by non-linear spring, where x(¢) is already known by the
calculation of Eq. (1). When Eqgs. (1) and (2) are expressed in discrete form, they become as
follows:

n—1 n—1

X =Y KPSt =Y I g(x)AL, (3)
k=0 k=0
n—1 ) n—1

yn= Y WP St =Y T g(x)AL 4)
k=0 k=0

At is a time interval of discretization process, where ¢ = nAt and t = kAt. The subscript in Egs. (3)
and (4) corresponds to the discretized time steps, where x,, denotes displacement at ¢ = nAt, for
example. Eq. (3) is expressed as the following matrix form along with the initial displacement
Xo = 0.

X0 0 0 fo o0 0 g(xo0)
Y T : pe g .
D T K A b EA OV [ S A P S G VRS
: : . .0 : : . .0 :
Xn (E N m Ly kgt ] Ug(en)
x, can be calculated from xg,xy, ... and x,_; in Eq. (5), since Al = h}* = 0. Therefore, it is

possible to obtain displacement x, of a mass supported by non-linear spring via forward
substitution procedure increasing n successively. The displacement y, of a mass which is not
supported by the non-linear spring can be easily calculated by substitution of xg, xi, ... and x,_;
into Eq. (4).
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2.3. Steady state vibration

The steady state vibration including subharmonic vibration of order 1/K has K times period of
external force. When time history response due to the periodic external force is divided into every
K period, Eq. (5) is rewritten as follows:

X0 W o0 - 0 f Wl o - 0 g(Xo)

X h’]!’ hq,l’ . : f hqq hqq . : X

B U L A YR L A B At VVRS!
: : .0 : : .0 :

X, h? w”, .. w?] (f he b, o b L gx,)

where the subscript shows the order of every K period. When a time interval corresponding to
each K period of the external force is divided into M equal sections, X; and f are expressed as
column vectors which consist of M elements and g(x;) a column vector which consists of M
elements of restoring force g(x;)

. 0
sin 2nK—
Xix M 1\11 9(Xix )
X; sin 2nK— X;
X = 1X1}/I+l L f=F T M oax) = g( zx'M—s-l) 7
X(i+1)M—-1 . 'M 1 g(X(i+1ym—1)
sin 2K w )
h?b is M x M matrix which consists of the impulse response hj‘-’b , written as
hgb 0 0 h?ﬁM h?ib—l)M+l
hab hab hqb hqb .. :
L I e T S
h(;\g—l hﬁg—z hgb h?ile)Mfl h?ib+l)M72 h?ﬁM

x; (i= 0,1, ...,n) in Eq. (6) are individually different vectors because {x{,x{, ...,xI} corresponds

to the transient vibration derived from Eq. (5), where (T) denotes transposed matrix. When the
time has sufficiently passed, it is considered that the transient vibration converges to steady state
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vibration. Then Eq. (6) can be rewritten under such condition as follows:

. 0
: . .0 . .o :
X om0 o |
=1 . - . At
) . hy 0 :
h? . . Ry 0
( X _.‘- h?ﬁl hiqp hgp— f)
‘.‘ - - - - 0‘ /
' 0 ) . :
' o . : g(x)
— ) : At, 9
N A )
i . . hi" 0 g(x)
I WY, W by | | e )

where X is a vector corresponding to time history response of the steady state vibration. If the
system has damping, the impulse response /4% () converges to zero after adequate course of time.
Hence h?b which consists of the impulse response data is regarded as zero when the subscript is
larger than N, that is, h%’ = hj’é’ﬂ = ... = 0. Therefore, the next Eq. (10) can be obtained by
calculating bottom row of Eq. (9)

x = H”f — H%g(x), (10)

where H? is represented as
N-—1
H” =) "hAr. (11)
i=0

N is the smallest value of i which satisfies the following relationship:
DM —1,;4
DR

Ve gy

Eq. (12) signifies that the ratio between the magnitude (square root of the squared sum) at a single
(i + 1)th period of the impulse response and the magnitude up to the ith period becomes smaller
than ¢. Note that N for 4 are different from N for 4//. ¢ = 107> is adopted in the following
example. The equation in y, which determines the steady state vibration of m,, is obtained through
the same procedure expressed as follows:

y = H?f — H%g(x). (13)

e (12)

If Eq. (10) is solved for x, the time history of steady state vibration x is obtained, so that y can be
calculated by substituting x into Eq. (13). However, generally it is difficult to solve such
simultaneous non-linear equations containing M unknowns as Eq. (10). Therefore, the Galerkin
method is adopted in order to acquire a approximate solution, which is explained below.
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When the subharmonic vibration of order 1/K is assumed, the solution of Eq. (10) is expressed

as follows:

X = A4S + B1Cy + AxSk + BkCk, (14)

where S;, C;, Sg and Cg represent the following vectors, which consist of sine or cosine function
divided into M terms equally

. 0 0
sin 271M cos 2nﬁ
1 1
S, — sin 2”M CC - cos ZEM ’
M —1 M—1
sin 27w cos 21 )
0 0
sin 2RKH cos 27IKH
1 1
in 2nK— 2nK—
Sp=4 MRy U =l Oy (15)
) M—1 M—1
sin 27K 7 cos 2nK .

A, and B; denote magnitude of the subharmonic component of order 1/K, and Ax and Bg
magnitude of the fundamental harmonic component. Hereby, the second equation of Egs. (7)
yields the expression of f = FSk. Substituting Eq. (14) into Eq. (10) and multiplying ST, ClT, S}
and C%, respectively, on each term from its left-hand side, the following equations are

obtained:

M
7/11 = FSTH?”Sg — S[H%g(4,S; + BiC, + AxSk + BxCk),

M
> B = FCTH”Sk — C/H%g(4,S; + B,C, + AxSk + BxCx),

M
7AK = FSH”Sg — S H"g(A4,S| + B|C; + AxSk + BkCx),

M
> Br = FCRH?Sg — CyH%g(4,S| + BiC) + AxSk + BxCx). (16)

Ay, B1, Ax and Bk can be calculated from Egs. (16) by the Newton—Raphson method, and the
time history of x can be obtained from Eq. (14). If Ax and By are calculated by Egs. (16) under
the condition of 4; = B; = 0, fundamental harmonic solution is obtained.

The solution y of Eq. (13) is also expressed as follows:

y = CiS1 4+ D,C; + CxSk + DgCkg. (17)



Y. Iwata et al. | Journal of Sound and Vibration 262 (2003) 11-23 17

Substituting Eq. (17) into Eq. (13) and multiplying ST, CIT, S% and C%, respectively, on each term
of equation, the following equations are obtained:

M
—C
e

M
7Dl = FC{H"”Sg — C[H"g(4,S| + B|C; + AxSk + BxCxg),

(18)
M
70,( = FSRH7Sg — SpHg(A4;S| + BiC; + AxSk + BxCk),
M » .
TDK = FC};H’PSK — C}H’qg(AISI + BC; + AxSk + BxCkg).

Ay, By, Ax and Bg obtained from Egs. (16) are substituted into Eq. (18), hence C;, D;, Cx and
Dk, that is, the steady state vibration of y, can be determined.

= FSTH"”Sg — S[H"g(4,S; + B|C; + AxSk + BxCxg),

3. Discrimination of stability and instability

The steady state vibration including subharmonic vibration is determined from Eq. (10) as
shown in the previous section but both stable and unstable steady state vibration are obtained
since the periodic solution is assumed as shown in Eq. (14). Discrimination method for stability
and instability of the steady state vibration is described in this section, where the convolution
integral is used to calculate the transient vibration.

The discrimination can be performed by investigating the transient response from the initial
condition equal to the steady state vibration. If it diverges from the initial steady state vibration
and then converges to other steady state, the initial steady state vibration is regarded as unstable,
otherwise it is discriminated as stable steady state. The transient vibration for a given initial steady
state solution can be calculated by the procedure for transient vibration as already described in
the Section 2.2. Such calculation is expressed as follows:

(£
X h‘/{,”_] hg” 0 0 :
X _ 0 h%)/—l hgl’ 0 f A/
X; 0 0 hﬁlvl’,_l hgp :
f
(2(x)
h%{] hg‘l 0 0 :
0 h%4 h%¢ 0 X
R P R ¥ (19)
: . . . . : g(x1)
0 0 h?qu hg"_ :
g(Xz‘),
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where the equations of the transient vibration follow the bottom row in Eq.(9), and the
convergence of impulse response to become zero is considered, thatis, h’” = 0 (n>N’) and h¥! = 0
(n=N).

Since x in Eq. (19) is already obtained as steady state solution, the calculation of the transient
vibration starts from x; of the second row in Eq. (19) and successively the time history response x;
can be calculated by the forward substitution procedure since the diagonal elements of hj? are
zero. When A4/, B|, A} and B) represent magnitude coefficients of sinw?, cos wt, sin Kwt and
cos Kwt components of x;, respectively, they are obtained from the following equations:

2 2 2 2
A, = MslTX,', B| = MC]FX,', A = Ms}x,-, B = MC}X,». (20)
In the case of subharmonic vibration of order 1/K, A} and B} are compared with 4, and B; of the

steady state vibration, hereby it is regarded as stable if the following relationship is satisfied:
Vi —ay - s-my

JA+ B 10

Eq. (21) denotes that both the difference between A4; and A} and also the difference between B
and B are small. The stability condition in right side of Eq. (21) seems comparatively moderate,
since the difference between the approximate solution of 4; and B; obtained by the Galerkin
method and the exact solution x; by the transient calculation frequently becomes large. In the case
of the fundamental harmonic vibration, the following condition with Ak, A%, Bgx and Bj is
adopted

21)

Vs - 4 + (B~ B

A% + By 10

(22)

4. Example for three degree-of-freedom mass—spring system

A numerical example on fundamental harmonic vibration and subharmonic vibration of order %
in three-degree-of-freedom mass—spring system of Fig. 2 is shown. m; is subjected to sinusoidal
wave force and m; is supported by a non-linear spring. The property of non-linear spring is

fty=Fsin3 ot

1 e—— k

ky

m
C] _CZ

g0e)=px L ]_>

X X X3

m, ms

ks
W
c

Cq

Fig. 2. Three-degree-of-freedom mass—spring system.
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Table 1

System parameters

Mass (kg) Damping coefficient Spring constant Non-linear spring Amplitude of
(N's/m) (N/m) constant (N/m?) excitation (N)

m; = 1.0 =10 k1 = 1000 p=10x 10 F=10

my =2.0 =10 k> = 1000

ms = 3.0 =10 k3 = 1000
=10 k4 = 1000

defined as g(x) = px°. The system parameters used in the example are shown in Table 1. The case
K = 3 is illustrated so that the subharmonic vibration of order % is considered. The number of
division in three periods is set to M = 60. The impulse response of each mass is determined by
modal analysis on free vibration for the corresponding given initial velocity.

Response curves of the fundamental harmonic vibration and the subharmonic vibration of
order % on my, my and mj are shown in Fig. 3(a)—(c), respectively. The dotted line denotes

amplitude |/ 43 + B3 and phase tan~!(B;/43) of the fundamental harmonic vibration, and also

the solid line denotes amplitude /A% + B} and phase tan~!(B;/4;) of the subharmonic vibration.

The amplitude and the phase of the fundamental component in the subharmonic vibration almost
coincide with those of the fundamental harmonic vibration, hence they are omitted in the figures.
There are three solutions for the subharmonic vibration which have the same amplitude, whereas
the phase has difference of 27 /3 rad, respectively. In Fig. 4, the calculation result of m; using the
convolution integral is compared with the result of the RKG method for equations of motion of
the system shown in Fig. 2, where the amplitude is represented as RMS value. Furthermore,
stability and instability of the steady state vibration are discriminated in Fig. 4. It is found that
both results sufficiently coincide on the stable vibration.

Calculation result of stability analysis for the subharmonic vibration is represented
schematically in Fig. 5. Co-ordinates of 4} and B} are the coefficients of sin w¢ and cos wt terms
calculated in Eq. (20), and their values on transient vibration are plotted as dotted line in Fig. 5
along with the increase of time. If the steady state vibration is stable, location (4, B}) does not
move, while it leaves the steady state point if unstable. However, even if stable, the convergent
point of the transient vibration differs from the stable steady state vibration point obtained by the
convolution integral for the reason as already described in Section 3. The calculation result for the
case 8.29 Hz is shown in Fig. 5(a), where the unstable subharmonic vibration of order % converges
to another stable one. In the case of 9.00 Hz which is shown in Fig 5(b), the unstable vibration
converges to the fundamental vibration.

In order to discuss the accuracy of the Galerkin method, Eq. (10) is solved directly by the
Newton—Raphson method (which is called the direct method henceforth) and the result is
compared with that of the Galerkin method. The time history response obtained by the Galerkin
method is given as initial value for x in the direct method. Comparison between both waves of %
order subharmonic vibrations is shown in Fig. 6. For the case 8.70 Hz which is shown in Fig. 6(a),
the Galerkin method (dotted line) is slightly different from the direct method (solid line).
However, both the lines almost coincide in Fig. 6(b) of 9.24 Hz case. Both waves coincide on most
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Fig. 3. Response curves. (a) m;, (b) my, and (¢) mj3. (...) Fundamental harmonic vibration, (—) % subharmonic vibration

component.

region of the response curve, while the case where both waves do not coincide is limited in the
vicinity of an edge of the subharmonic region. It is considered that the overall system with
localized non-linearity exhibits a weak non-linearity, although the localized non-linearity is
strong. Therefore, valid solution of Eq. (10) can be determined by the Galerkin method with
assumption of the simple solution such as Eq. (14).

5. Conclusions

In this paper, the analytical method of steady state vibration using convolution integral is
proposed for the system with localized non-linearities and it is shown that the non-linear equation
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Fig. 4. Comparison with RKG method. (—) Stable vibration by convolution integral, (----- ) unstable vibration by
convolution integral, (O) stable vibration by RKG method.
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Fig. 5. Stability and instability in subharmonic vibration of order % (a) 8.29 Hz and (b) 9.00 Hz. (...) Orbit of transient
vibration, (O) stable vibration, (e) unstable vibration, (@) convergent point.
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Fig. 6. Comparison of direct method and Galerkin approximation. (a) 8.70 Hz and (b) 9.24 Hz. (—) Direct method,
(...) Galerkin method.

formulated by the suggested analytical process can be solved by the Galerkin method.
Subharmonic vibration is also included in the steady state vibration. Furthermore, the stability
of each solution can be discriminated by the transient analysis using the convolution integral.
Numerical example of three-degree-of-freedom mass—spring system is demonstrated and the
following results are obtained. (1) Response curves of the fundamental harmonic vibration and
the subharmonic vibration of order % can be easily calculated by the present method. (2) Stability
or instability of the steady state vibration can be discriminated by the transient analysis using
convolution integral. (3) The result obtained from the convolution integral coincides well with the
result by the Runge-Kutta—Gill method. Therefore, the present method is efficient for the steady
state vibration analysis of non-linear system with localized non-linearities.
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